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1 In tro duction

Time integration schemesfor elastodynamicshave beendeveloped for a long
time in a linear framework in which consistencyand linear stabilit y ensure
convergenceby time stepre�nement. Whereasthe conditionally stableexplicit
centered method must be mentioned for its simplicity, the numerical sti�ness
of real mechanical problemshas lead to the development of implicit methods,
such as Houbolt, Wilson, Newmark or Hilber-Hughes-Taylor [1], especially
whendealingwith incompressiblematerials.Thesemethodshavebeenstudied
and usedwith great successin conjunction with �nite element techniquesto
solve large scaleindustrial problems(see[8{10] amongothers). Nevertheless,
whenconsideringnonlinear problems,the previousimplicit schemeslosetheir
unconditional stabilit y and many contributions alongthe yearshave proposed
direct or indirect methods to overcomethis di�cult y.

In the Hamiltonian framework (i.e. when using conservative loadings),a geo-
metrical approach could consistin constructing numerical schemeswhose
o w
is symplectic [11,12],entailing the conservation of the volume in the phase
space.Nevertheless,such a condition is not always su�cien t to ensurethe
stabilit y of the numerical system for large time steps and sti� problems, as
observed by J.C.Simo and O.Gonzalezin [13] and illustrated numerically in
this paper. Moreover, as mentioned by the authors, symplectic schemesseem
di�cult to build for nonlinearly kinematically constrainedsystems.

More recently, a variational understandingof time integration schemesin the
Lagrangian framework has lead to the conceptof variational integrators, and
is detailed in [14,15].An explicit asynchronousvariant hasalsobeenproposed
in [16]. The main interest of this approach is to provide an elegant and nat-
ural framework for the analysisof the geometricalproperties of -in general-
alreadyexisting strategies.Besides,a �rst convergenceresult hasbeenrecently
obtained in the framework of �-con vergence[17].

The present paper opts in contrast for paying a direct attention to the lo-
cal evolution of energy. A natural approach in this framework can consist in
imposingenergyconservation as a constraint, by projection [18,19]or by Lie
group methods [20] but thesemethods are computationally expensive. By a
meanvalue argument, Simoand Tarnow have shown in [21] that conservation
could be achieved in a simpler way by solving a local nonlinear equation for
the algorithmic secondPiola-Kirchho� stresstensor,which has lead to an im-
plementation developed by Laursenand Meng in [3]. The variant proposedby
Gonzalezin [2], reviewedanddevelopedhereinreplacesthis nonlinearequation
by an explicit formula which is simpler to implement.

In parallel, linearly dissipative integration schemes,i.e. schemeswhosespectral
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radius is strictly lessthan unity, have beendeveloped to avoid polynomial in-
stabilities, such asthoseobserved for non-diagonalizableintegratorswith mul-
tiple unit eigenvalue.But their usein nonlinearelastodynamics[22,23]canlead
to poor conservation of momenta. Energy-dissipating momenta-conserving
time integration schemeswere then proposed in the nonlinear framework,
in order to damp out unresolved high frequency modes while maintaining
good accuracy(seeBorri, Bottassoand Trainelli [24{26], Armero and Romero
[22,23]or Bui [27] and the referencestherein), using modi�ed integrations of
the inertial term, or numerical Rayleigh dampingsat high frequency[10]. In
section4, basedon the analysisof the HHT scheme,we introduceenergydissi-
pation in nonlinearconservative schemeby usingnon-trapezoidalsecondorder
approximation of the inertial term. The proposedmodi�cation only acts on
the inertial terms, and thereforecan be easilyapplied to all systemsin which
the potential energyis integrated by a conservative method.

Another important and di�cult aspect of the dynamicsof hyperelasticstruc-
tures concernslow-velocity impact problems.Over the last years,an increasing
interest has beendevoted to energy-conservingtime integration schemesfor
contact mechanics.In particular, in the framework of frictionlesscontact, both
Laursen and Chawla [4] and Armero and Pet•ocz [5] have proposedenergy-
momenta conservingapproaches.The key-point consistsin an adequatedis-
cretization of the contact persistencycondition, which must be compatible
with the time integration strategy in order to achieve energy conservation.
Nevertheless,asunderlined in [6], both contributions encounter a di�cult y in
enforcingthe unilateral conditions associated to frictionlesscontact, resulting
into a small violation of the kinematical contact condition in order to conserve
the main invariants in the dynamics.This drawback is overcomeby Laursen
and Love in [6], by introducing a discrete jump in velocities during impact.
The enforcement of contact conditions at each time step is then possibleat
the computational price of resolving a problem on the jump in velocities.
Such an additional computation is no more necessaryin the approach pro-
posedhere in section 5. Indeed, when enforcing the contact condition by a
penalty technique, by applying the correction technique of [2] to all penalty
and energyterms involved in the mechanical problem, we proposein section
5 an energy-conservingschemenaturally enforcingthe standard Kuhn-Tucker
contact conditions at entire time steps.

Last, we show that energycorrection techniquescan also be extendedto vis-
coelasticmodels,in order to ensurethat the numericalschemeexactly respects
the physical energydissipation.

The present paper is �nally organizedas follows. After a brief introduction
of the equationsof quasi-incompressiblenonlinear elastodynamics(section2),
we propose(section3) an energyconservation analysisof somestandard time
integration implicit strategiessuch asmidpoint and trapezoidalrules. In par-
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ticular, their major sourcesof instabilit y areidenti�ed in presenceof an incom-
pressibility constraint, and their theoretical performancesare then compared
with the improved strategiesof [21,2,3].In section4, basedon a rigorouscon-
servation analysisof the Hilber-Hughes-Taylor [1] time integration scheme,we
propose an energy-controlling momenta-conserving time integration scheme
using a simple modi�cation of [2]. In particular, it is secondorder accurate
and achieves an energy-decaying property for a regularizedenergy involving
acceleratione�ects. In section5, extensionsof the energycorrection technique
from [2] are introducedto handlecontact or viscoelasticproblems.Two situa-
tions are considered: on onehand, we proposea time-integration strategy for
penalizedcontact problemsenabling the enforcement of the standard Kuhn-
Tucker conditions at time discretization points. On the other hand, a time
integration strategy with exact discretebalanceis proposedfor a viscoelastic
model taken from [7]. The developed methods are tested in section6 for the
simulation of dynamic and impact problems involving compressible,incom-
pressibleelastic or viscoelastic bodies in large deformation.

2 Quasi-incompressible elasto dynamics

2.1 The incompressiblemodel

The open set 
 � R3 denotesthe interior of the referencecon�guration of a
solid body and the map

' : [0; T] � 
 ! R3

describes its time dependent deformation. The material is assumedto be in-
compressiblein the sensethat on [0; T] � 
,

detF = 1; with F = r ':

The massdensity of the material in the referencecon�guration is denotedby
� and the body forcesby f : [0; T] � 
 ! R3. The displacement ' D : [0; T] �
� D ! R3 and the traction g : [0; T] � � N ! R3 are prescibed respectively on
the subsets� D and � N of the boundary� = @
 of the domain,with � D [ � N =
�, � D \ � N = ; , and n the outward normal unit vector. A contact surfacewill
be consideredas a traction boundary with unknown surfacetraction g and
known constraints on the deformation ' .

The �rst and secondPiola-Kirchho� stresstensorsin the material aredenoted
by � and �, and given by the hyperelasticconstitutive law:
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� = 2
@W
@C

� 2p
@detC1=2

@C
;

� = F � � =
@Ŵ
@F

� pcof F

(1)

Above, p : [0; T] � 
 ! R denotesthe hydrostatic pressure,Ŵ and W the
storedelasticpotentials respectively written in terms of the gradient F or the
right Cauchy-Green strain tensor C = F t � F . The cofactor matrix of the
matrix F is denotedby cof F = @F detF .

2.2 Variational quasi-incompressibleformulation

Let us introducevariational spacesfor displacements, velocities and pressures
such as:

8
>><

>>:

U0 = f u 2 W 1;s(
) 3; u = 0 on � D g;

V = f w 2 L2(
) 3g;

P = f p 2 Lq(
); 3
s + 1

q � 1g:

(2)

Then, the variational formulation of the hyperelasticincompressibleelastody-
namicsproblem under considerationconsistsin �nding

8
>>>>><

>>>>>:

' � ' D 2 L2(0; T; U0);

_' 2 L2(0; T; V);

� •' 2 L2(0; T; U0
0);

p 2 L2(0; T; P);

(3)

such that for any v 2 U0, w 2 V and q 2 P, the following equationshold in
the senseof distributions:

8
>>>>>>><

>>>>>>>:

@t

Z



� _' � v +

Z



� : r v =

Z



f � v +

Z

� N

g � v; in D0(0; T);

@t

Z



' � w =

Z



_' � w; in D0(0; T);

Z



(det r ' � 1 + �p) q = 0; in D0(0; T):

(4)

Remark 1 The spacesU0, V and P are replaced by �nite dimensionalspaces
when using �nite element approximations. The coe�cient � is zero for an
incompressiblematerial. It is positive and small for a compressiblematerial
with largebulk modulus 1=�.
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2.3 Conservationproperties

We have [30]:

Prop osition 1 The following conservationproperties formally hold for a so-
lution of (3) at any time t 2 [0; T]:

� Energy conservation.

E(t) � E(0) =
Z t

0

� Z



f � _' +

Z

� N

g � _'
�

; (5)

the total energy being de�ned by:

E(t) =
1
2

Z



� _' (t; x)2 dx +

Z



Ŵ(x; r ' (t; x)) dx +

�
2

Z



p(t)2: (6)

� Angular momentumconservation(for � D = ; ).

J (t) � J (0) =
Z t

0

� Z



' � f +

Z

� N

' � g
�

; (7)

with:
J (t) =

Z



�' (t; x) � _' (t; x) dx: (8)

� Linear momentumconservation(for � D = ; ).

I (t) � I (0) =
Z t

0

� Z



f +

Z

� N

g
�

; (9)

with:
I (t) =

Z



� _' (t; x) dx: (10)

In the next sections,weareinterestedin the transposition of theseconservation
properties to the time discreteframework.

3 Conserv ation analysis for some usual schemes

In nonlinear elastodynamics, discrete energy dissipation at large (i.e. strict
dissipation or conservation) is the natural criterion of stabilit y for time inte-
gration schemes.Newmark'strapezoidalscheme,alsoknown asthe trapezoidal
rule (see[8]), is the typical exampleof a schemeconservingmechanical energy.
It is rather natural to study hereinits possiblegeneralizationsto the nonlinear
framework. The resulting analysis is well known but explains the di�culties
encountered in nonlinear dynamicsand leadsto the designof improved non-
linear energyconservingschemes,as proposedin [21,2,3].
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3.1 General time discrete formulation

The time interval [0; T] is splitted into subintervals [0; T] = [ N
n=0 [tn ; tn+1 ], with

� tn = tn+1 � tn , and we look at the family of secondorder accuratemidpoint
time integration schemes,of the form:

8
>>>>>>>>>>><

>>>>>>>>>>>:

Z



� _' n+1 � v =

Z



� _' n � v � � tn

Z



� n+1 =2 : r v

+� tn

Z




f n + f n+1

2
� v + � tn

Z

� N

gn + gn+1

2
� v;

Z



' n+1 � w =

Z



' n � w + � tn

Z




_' n + _' n+1

2
� w;

Z



q

�

Dn+1 =2 � 1 + �
pn + pn+1

2

�

= 0;

(11)

for any v 2 U0, w 2 V, q 2 P, where � n represents a discreteapproximation
of the quantit y � (tn ) at time tn . Any speci�c schemeof that family is entirely
determined by the expressionsof the �rst algorithmic Piola-Kirchho� stress
tensor � n+1 =2 and the jacobianDn+1 =2. To achieve secondorder accuracy, one
must satisfy :

8
>>><

>>>:

� tn

Z



� n+1 =2 : r v =

Z tn +1

tn

Z



� : r v + O(� t3

n ); 8v 2 U0;

� tn

Z



q Dn+1 =2 =

Z tn +1

tn

Z



q detC1=2 + O(� t3

n ); 8q 2 P:
(12)

In the sequel,we will assumethat the spaceV of velocities coincidewith the
spaceU0 of displacements. In this framework, velocities have a trace on � N

and the work of surfacic loadingshasa proper meaning.

3.2 Trapezoidalrule

When approximating the integralsin (12) by the trapezoidalrule, the so-called
trapezoidalsecondorder schemeis obtained, corresponding to the choice:

8
>>>><

>>>>:

� n+1 =2 :=
1
2

 
@Ŵ
@F

(Fn ) +
@Ŵ
@F

(Fn+1 )

!

�
1
2

(pn cof Fn + pn+1 cof Fn+1 ) ;

Dn+1 =2 :=
1
2

(det Fn + detFn+1 ) :

(13)
In other words, it is a stressaveragingscheme,with the following conservation
properties :
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Prop osition 2 The trapezoidalrule achievesthe followingconservationprop-
erties :

(1) Discrete energy.

En+1 � En = P n + cn � t3
n ; (14)

where the discrete work between times tn and tn+1 is given by:

P n =
Z




f n + f n+1

2
� (' n+1 � ' n ) +

Z

� N

gn + gn+1

2
� (' n+1 � ' n):

The scalar cn only dependson ' n , _' n , pn , ' n+1 , _' n+1 , pn+1 , and on the
approximate time derivative of the pressure pn +1 � pn

� tn
. We wil l say that cn

only dependson the approximate solution at times n and n + 1.
(2) Discrete angular momen tum. If � D = ; ,

J n+1 � J n = M n + cn � t3
n ; (15)

where the resultant moment between times tn and tn+1 is given by:

M n = � tn

 Z




' n + ' n+1

2
�

f n + f n+1

2
+

Z

� N

' n + ' n+1

2
�

gn + gn+1

2

!

:

The constant cn only dependson the approximatesolution at times n and
n + 1.

(3) Discrete linear momen tum. If � D = ; ,

I n+1 � I n = Fn ; (16)

where the resultant force between times tn and tn+1 is given by:

Fn = � tn

 Z




f n + f n+1

2
+

Z

�

gn + gn+1

2

!

:

Pro of : The proof is quite classicaland we refer to [31] for more details. We
neverthelessbrie
y outline the calculation of energyand angular momentum
evolutions to explain the numerical origin of energyconservation errors.

(1) Energy evolution. We take v = (' n+1 � ' n)=� t in (11). The inertial
term givesthe discreteincreaseof kinetic energy:

Z



� ( _' n+1 � _' n ) � v =

1
2

Z



� _' 2

n+1 �
1
2

Z



� _' 2

n :

8



The elastic term givesby a standard Taylor's expansion:

1
2

 
@Ŵ
@F

(Fn ) +
@Ŵ
@F

(Fn+1 )

!

: (Fn+1 � Fn ) ;

=
�
Ŵn+1 � Ŵn

�
+ c

@3W
@F 3

(F� )(Fn+1 � Fn )3;

=
�
Ŵn+1 � Ŵn

�
+

c
8

� t3
n

@3W
@F 3

(F� )(r _' n+1 + r _' n )3;

for a constant 0 � c � 1=8 (from lemma 1) and an unknown matrix F� .
Concerningthe compressionterm:

1
2

(pn cof Fn + pn+1 cof Fn+1 ) : (Fn+1 � Fn );

=
1
2

pn + pn+1

2
(cof Fn + cof Fn+1 ) : (Fn+1 � Fn )

+
1
2

pn+1 � pn

2
(cof Fn+1 � cof Fn ) : (Fn+1 � Fn );

=
pn + pn+1

2
(det Fn+1 � detFn )

+ c
pn + pn+1

2
@3 detF

@F 3
(Fn+1 � Fn )3

+
1
2

pn+1 � pn

2
(cof Fn+1 � cof Fn ) : (Fn+1 � Fn );

with 0 � c � 1=8. Moreover, if the initial kinematic constraint holds:

Z



q(det r ' 0 � 1 + �p0) = 0; 8q 2 P;

then, from (11, 13), it holds at every discretetime. Then, using (11), we
get

Z




pn + pn+1

2
(det Fn+1 � detFn ) = �

Z




pn + pn+1

2
(pn+1 � pn ) =

�
2

Z



(p2

n+1 � p2
n ):

After integration over 
, we then have:

Z




1
2

(pn cof Fn + pn+1 cof Fn+1 ) : (Fn+1 � Fn )

=
Z



�
p2

n+1 � p2
n

2

+
c
8

� t3
n

pn + pn+1

2
@3 detF

@F 3
(r _' n + r _' n+1 )3

+
� t3

n

2
pn+1 � pn

2� tn

@2 detF
@F 2

(F� )(r _' n + r _' n+1 )2;

and the announcedresult holds:

En+1 � En = P n + cn � t3
n ;
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with:

cn = �
@3W
@F 3

(F� )(r _' n+1 + r _' n)3+ �
pn + pn+1

2
@3 detF

@F 3
(r _' n + r _' n+1 )3

�
1
4

pn+1 � pn

� tn

@2 detF
@F 2

(F� )(r _' n + r _' n+1 )2:

(2) Angular momen tum evolution. If � D = ; , taking v = a�
' n + ' n+1

2
=

Ja �
' n + ' n+1

2
in (11), the elastic term becomes:

1
2

 
@Ŵ
@F

(Fn ) +
@Ŵ
@F

(Fn+1 )

!

� (Fn + Fn+1 )t : Ja� tn

=

 

Fn �
@W
@C

(Cn ) + Fn+1 �
@W
@C

(Cn+1 )

!

� (Fn + Fn+1 )t : Ja� tn ;

=
1
2

(Fn + Fn+1 ) �

 
@W
@C

(Cn ) +
@W
@C

(Cn+1 )

!

� (Fn + Fn+1 )t : Ja� tn

+
1
2

(Fn+1 � Fn ) �

 
@W
@C

(Cn+1 ) �
@W
@C

(Cn )

!

� (Fn + Fn+1 )t : Ja� tn ;

with a similar expressionfor the compressionterm in pn . The �rst term
vanishesbecauseof the skew-symmetryof Ja, but not the secondwhich
leadsto an error term given by:

� t2
n

�
r Vn+1 =2

�
�

 
@2W
@C2

(C� ) : (Cn+1 � Cn )

!

� F t
n+1 =2 : Ja;

= � t2
n

�
r Vn+1 =2

�
�

 
@2W
@C2

(C� ) :
�
F t

n+1 =2 � (Fn+1 � Fn )
�

!

� F t
n+1 =2 : Ja;

= � t3
n

�
r Vn+1 =2

�
�

 
@2W
@C2

(C� ) :
�
F t

n+1 =2 � r Vn+1 =2

�
!

� F t
n+1 =2 : Ja;

where we have denoted Vn+1 =2 = ( _' n + _' n+1 )=2 and Fn+1 =2 = (Fn +
Fn+1 )=2. 2

In the previousproof, we have usedthe simple lemma (see[31] for a proof):

Lemma 1 If J 2 C3(R3� 3) , then for all Fn ; Fn+1 2 R3� 3, there exists a
constant 0 � c � 1=8 and a matrix F� 2 R3� 3 suchthat:

J (Fn+1 ) = J (Fn )+
1
2

 
@J
@F

(Fn ) +
@J
@F

(Fn+1 )

!

: (Fn+1 � Fn )� c
@3J
@F 3

(F� )(Fn+1 � Fn )3:

Remark 2 The above analysisunderlines somekey points of the trapezoidal
scheme:

� In the compressiblecase, exact energy conservation is achieved only if Ŵ
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is a quadratic elastic potential as a function of F . It is easy to check that
angular momentumis then also conserved. Nevertheless,this assumptionis
not realistic becauseincompatible with the zero volumelimit ([32] page170):

lim
det F ! 0

Ŵ(F ) ! + 1 :

� A crucial argument in the proof of energy evolution is that if the initial
kinematic constraint holds:

Z



q(det r ' 0 � 1 + �p0) = 0; 8q 2 P;

then (11) and (13) guarantee that it holdsat every discrete time.
� Energy and angular momentum conservationsare achieved with an error

term cn � t3, and the dependance of cn with respect to the approximate so-
lution is quite regular. Nevertheless,an accretive behavior (local increase
of energy or/and momentum) cannot be excluded for nonlinear problems
with largetime stepsand is indeed observed in practice, entailing numerical
instability.

3.3 Midpoint scheme

When approximating the integrals in (12) by the midpoint rule, we get the
so-calledmidpoint scheme,corresponding to the choice:

8
>>>><

>>>>:

� n+1 =2 =
@Ŵ
@F

� Fn + Fn+1

2

�

�
pn + pn+1

2
cof

� Fn + Fn+1

2

�

;

Dn+1 =2 = det
� Fn + Fn+1

2

�

:

(17)

In other words, it is a strain averagingscheme,for which we have :

Prop osition 3 The midpoint schemeachievesthe followingdiscreteevolution
properties:

(1) Discrete energy. For a constant time step � t,

En+1 � En = P n + cn � t3: (18)

Here, cn dependson the approximate solution at times n and n + 1, but
also of the discrete third order time derivative of acceleration:

...' n+1 =2 =
1

2� t2 ( _' n+2 � _' n+1 � _' n + _' n+1 ).
(2) Discrete linear and angular momen ta. If � D = ; ,

J n+1 � J n = M n ; I n+1 � I n = Fn : (19)
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Pro of : It is quite similar to the trapezoidal rule, with an exact conser-
vation of the angular momentum conservation, due to the symmetry of the
product (Fn + Fn+1 ) � � n+1 =2 (see[31] for more details). The main di�cult y
comesfrom the nonlinearkinematic constraint which is poorly handledby the
midpoint scheme.We denote � n+1 =2 = 1

2(� n + � n+1 ) and 1
2( _� n + _� n+1 ) =

1
� tn

(� n+1 � � n ). Weassumethat the steptime is a constant � t, and introduce
the interpolated displacement:

' n+1 =2 =
1
2

(' n+3 =2 + ' n� 1=2) =
1
4

(' n+2 + ' n+1 + ' n + ' n� 1):

Then:

' n+1 =2 � ' n+1 =2 =
1
4

(' n+2 � ' n+1 � ' n + ' n� 1)

=
� t
8

( _' n+2 + _' n+1 � _' n � _' n� 1)

=
� t2

4
( •' n+1 + •' n );

with •' n = _' n +1 � _' n � 1

2� t . The increaseof displacement is de�ned by:

� = ' n+3 =2 � ' n� 1=2 =
1
2

(' n+2 + ' n+1 � ' n � ' n� 1)

=
1
2

( _' n+3 =2� t + _' n� 1=2� t + 2' n+1 � 2' n )

= 2 _' n+1 =2� t +
1
2

...' n+1 =2� t3:

(20)

By Taylor's expansion,onegets:

detFn+3 =2 � detFn� 1=2 =
�
cof r ' n+1 =2

�
: (r � ) +

1
24

@2 cof F
@F 2

(F� )(r � )3;

and the kinematic constraint at half time step provides:

detFn+3 =2 � det Fn� 1=2 = � �
�
pn+3 =2 � pn� 1=2

�
;

from which we infer:

�
cof r ' n+1 =2

�
: (r � ) = � �

�
pn+3 =2 � pn� 1=2

�
�

1
24

@2 cof F
@F 2

(F� )(r � )3: (21)

The work of pressureforcesis therefore:

pn+1 =2 cof Fn+1 =2 : r _' n+1 =2 =

pn+1 =2

 

cof r ' n+1 =2 +
@cof F

@F
(F�� ) :

�
Fn+1 =2 � r ' n+1 =2

�
!

: r _' n+1 =2 =

pn+1 =2

 

cof r ' n+1 =2 �
@cof F

@F
(F�� ) :

� 1
4

(r •' n+1 + r •' n)� t2
� !

: r _' n+1 =2:
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Since _' n+1 =2 =
�

2� t
�

� t2

4
...' n+1 =2, we have:

pn+1 =2 cof Fn+1 =2 : r _' n+1 =2 =
1

2� t
pn+1 =2

�
cof r ' n+1 =2

�
: (r � )

�
� t2

4
pn+1 =2

�
cof r ' n+1 =2

�
: r

...' n+1 =2

�
� t2

4
@cof F

@F
(F�� ) : (r •' n+1 + r •' n ) : r _' n+1 =2:

The two last terms are of order 2 in � t. To tackle the �rst one, we use(21)
and up to a secondorder term in � t, we get:

pn+1 =2 cof Fn+1 =2 : r _' n+1 =2 = �
� t2

48
pn+1 =2

@2 cof F
@F 2

(F� )(r
�

� t
)3

�
�
2

pn+1 =2

�
pn+3 =2 � pn� 1=2

�
+ O(� t2):

By rewriting (20) for the quantit y pn+3 =2 � pn� 1=2, we �nally have the expected
evolution of energy:

� t pn+1 =2 cof Fn+1 =2 : r _' n+1 =2 =
�

2� t
(p2

n+1 � p2
n ) + O(� t3);

up to a third order term in � t. 2

Remark 3 The midpoint schemehas the following key characteristics:

� This schemeis known to be symplectic in the compressibleframework(see
[11,12,33]).For small time steps,a backward analysis(see [11]) provescon-
servation of a discrete energy which is equal to the physical one up to a
O(� t2) term. Nevertheless,the time stepsused in practice may be too large
to ensure such a property in real applications. Moreover, symplecticity is
hard to obtain for constrained problems(see [13]); in particular, it is lost in
the incompressibleframework.

� For compressiblematerials with (unrealistic) quadratic elastic potential Ŵ ,
energy would be exactlyconserved.

� Writing thenonlinear kinematic constraint at midpoint hasbad consequences
on energy conservation. In particular, it requires a very high regularity in
time for the solution.

� Angular and linear momenta are exactly conserved, which is a proof of a
perfect behavior of the schemewith respect to rotations and translations
groups.
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3.4 Exactly conservativeschemes

A few conclusionscan be drawn from the above analysis:

� The better conservation of energyachieved by the trapezoidalrule in com-
parisonwith the midpoint scheme,is due to the imposition of the kinematic
constraint at entire time steps,rather than at midtime steps.In (11), it is
then natural to adopt:

Dn+1 =2 =
1
2

(det Fn + detFn+1 ) : (22)

� The exact conservation of momenta performed by the midpoint schemeis
due to the natural form of the �rst algorithmic stresstensor:

� n+1 =2 =
� Fn + Fn+1

2

�

� � n+1 =2; (23)

with a symmetric secondstresstensor � n+1 =2.
� Then, with such a construction of � n+1 =2, it is straightforward (see[21])

to check that exact energy conservation is achieved if and only if we can
satisfy:

1
2

Z



� n+1 =2 : (Cn+1 � Cn ) =

Z




�

W(Cn+1 ) +
�
2

p2
n+1

�

�
Z




�

W(Cn ) +
�
2

p2
n

�

:

(24)

A major goal is then to construct such a tensor � n+1 =2 satisfying (24). A
�rst construction could be based on Simo and Tarnow [21]. In the quasi-
incompressiblecase,this would yield:

� n+1 =2 :=

 
@W
@C

(� nCn + (1 � � n )Cn+1 ) +
@W
@C

((1 � � n )Cn + � nCn+1 )

!

�
pn + pn+1

2

 
@det C1=2

@C
(
 nCn + (1 � 
 n )Cn+1 ) +

@detC1=2

@C
((1 � 
 n)Cn + 
 nCn+1 )

!

;

with constants � n and 
 n to be computedat each time stepand at each Gauss
point. A simpler choice is the oneproposedby Gonzalezin [2], which can be
generalizeto quasi-incompressiblemodelsby setting:

� n+1 =2 := 2
@W
@C

(Cn+1 =2) + 2

 

W(Cn+1 ) � W(Cn ) �
@W
@C

(Cn+1 =2) : � Cn

!
� Cn

� Cn : � Cn

� (pn + pn+1 )

"
@detC1=2

@C
(Cn+1 =2)+

+

 

detC1=2
n+1 � detC1=2

n �
@detC1=2

@C
(Cn+1 =2) : � Cn

!
� Cn

� Cn : � Cn

#

;

(25)
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with Cn+1 =2 = 1
2(Cn + Cn+1 ), and � Cn = Cn+1 � Cn .

Prop osition 4 By construction, the expressionof � n+1 =2 given by (25) sat-
is�es (24). Thus, the time integration scheme(11), with � n+1 =2, Dn+1 =2 and
� n+1 =2 respectively givenby(23), (22) and (25), knownastheGonzalezscheme
[2], preservesenergy, angular and linear momenta.

Remark 4 At the limit � Cn ! 0, the stresstensor proposed in (25) behaves
like

� n+1 =2 = 2
@W
@C

(Cn+1 =2) +
1
12

@3W
@C3

(Cn+1 =2)� C3
n

� Cn

k� Cnk2
+ o(k� Cnk4);

which showsthat the proposed correction is second order in � Cn .

Remark 5 In a Newton's method, nonlinear problemsare solved by successive
linearizations. Here, the linearized time integrator is not symmetric, which is
a noticeablecomplication. An interesting idea, already mentioned in [23], is to
decomposethe proposed stressinto:

� n+1 =2 = 2
@W
@C

(C(' n+1 =2)) +

 

� n+1 =2 � 2
@W
@C

(C(' n+1 =2))

!

| {z }
(y)

;

where C(' n+1 =2) = r t ' n+1 =2 � r ' n+1 =2 is the midpoint right Cauchy-Green
strain tensor, and in which the second order correction term denoted by (y)
is not taken into account into the Newton jacobian matrix. The disadvantage
of the proposed quasi-Newtonmethods is a non-quadratic convergence, but the
practical overcost is almost negligible.

Remark 6 As observed in (25), energy correction has to be applied on all
componentsof the stresstensor, including thoseinduced by the nonlinear kine-
matic constraints. Adding new features such as contact or viscoelasticity wil l
induce more energy correction terms, as observed later in section 5.

4 Energy-dissipativ e schemes

4.1 Conservationanalysis for the HHT scheme

In linear elastodynamics,it is usefulfor stabilit y reasonsto useschemeswhose
spectral radius r is strictly lessthan 1 because:

(1) possiblepolynomial instabilities are avoided (arising when r = 1 in pres-
enceof a multiple unit eigenvalue),
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(2) information is dissipatedat highest frequencies,which are not properly
resolved at the numerical level,

(3) the condition number of the linear systemsto be solved is improved,
(4) there exist a quadratic form whosevalue diminishes along the discrete

evolution (Liapunov L-asymptotic stabilit y).

A good example is the popular secondorder Hilber-Hughes-Taylor (HHT)
scheme. We present here a nonlinear analysis of this scheme, showing that
the above advantagesare no moreconserved in a nonlinear framework. Never-
theless,it is the occasionto show that in the linear framework, the schemeis
strictly dissipative for a modi�ed energyand to proposea modi�cation of Gon-
zalezenergy-conservingscheme[2] (reviewed and generalizedin (25)) which
respectssuch a dissipation property.

For a given � � 0, the natural extensionof the HHT scheme[1,34]to nonlinear
elastodynamics is given by:

8
>><

>>:

Z



� •' n+1 � v +

Z



(� � n + (1 � � )� n+1 ) : r v =

Z



f n+1 � � � v +

Z

� N

gn+1 � � � v;
Z



q(det Fn+1 � 1) = 0;

(26)
for all v 2 U0 and q 2 P, with Newmark's relations:

8
><

>:

' n+1 = ' n + � tn _' n + � t2
n

�� 1
2

� �
�

•' n + � •' n+1

�

;

_' n+1 = _' n + � tn ((1 � 
 ) •' n + 
 •' n+1 ) :

We have denoted
 = 1
2 + � , and � = (1+ � )2

4 . The notation � n+1 � � classically
standsfor � � n + (1 � � )� n+1 .

In the linearized case,we recall from [1,34] that the present scheme has a
spectral radius which is strictly smaller than unity for any � > 0.

In the nonlinear framework, we prove:

Prop osition 5 Assumefor simplicity that the time step is constant, and the
surface load g is zero . Then, the nonlinear HHT scheme(26) achievesthe
following discrete evolution properties:

(1) Discrete energy. Up to higherorder terms dependingonly of time vari-
ations in force, we have:

E�
n+1 � E�

n = P n � D �
n � t2 + cn � t3; (27)
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where:

E�
n = En +

� 2 � t2

8

Z



� •' 2

n ;

and cn is de�ned as for the trapezoidalrule and dependson displacements
and pressuresat times n and n + 1, on the approximatevelocity Vn+1 =2 =
1

� t (' n+1 � ' n ), and on the approximatepressure time derivative � n+1 =2 =
1

� t (pn+1 � pn ). The coe�cient D �
n has the following expression:

D �
n =

� 3

4

Z



( •' n+1 � •' n )2

+ k� tn

Z




•� n : (r Vn+1 =2) + k� tn

Z




@2f
@t2

(tn ) � Vn+1 =2;

where •� n is the centered second order �nite di�er ence:

•� n =
1

� t2
(� n� 1 � 2� n + � n+1 ) :

(2) Discrete angular momen tum. Up to higher order terms, we have:

J n+1 � J n = M n + cn � t3; (28)

where cn depends on the approximate solution at times n � 1, n and
n + 1, on the accelerations •' n� 1, •' n et •' n+1 , and on the approximate
second order time derivative 1

� t (� n+1 =2 � � n� 1=2).
(3) Discrete linear momen tum. Up to higher order terms dependingonly

of the time variations in force, we have:

I n+1 � I n = Fn + cn � t3; (29)

where cn only dependson the second order time derivative of f .

Pro of : A linear combination of the discretesystemsat times n and n + 1,
with respective coe�cien ts (1 � 
 ) = 1

2 � � and 
 = 1
2 + � gives:

Z



�

_' n+1 � _' n

� tn
� v +

Z



k (� n� 1 � 2� n + � n+1 )
| {z }

@n

: r v +
Z




� n + � n+1

2
: r v =

Z




f n + f n+1

2
� v +

Z



k (f n� 1 � 2f n + f n+1 )
| {z }

�

n

�v;

(30)
in which k = � ( 1

2 � � ) > 0 for 0 � � � 1
2. With 
 = 1

2 + � and � = (1+ � )2

4 ,
Newmark's relations are:

8
>><

>>:

_' n+1 � _' n = � tn

�

(
1
2

� � ) •' n + (
1
2

+ � ) •' n+1

�

;

' n+1 � ' n = � tn
_' n + _' n+1

2
+

� 2� t2
n

4
( •' n+1 � •' n ) :

(31)
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The form (30),(31) of the schemeaddsto the trapezoidalrule some\correction
terms". We only detail theseadditional contributions.

(1) Energy evolution. By using v = (' n+1 � ' n ) in (30), and the relations
(31), the inertial term takesthe form:

Z



�

_' n+1 � _' n

� tn
� v =

Z



� ( _' n+1 � _' n ) �

_' n + _' n+1

2

+� t2
n

� 2

4

Z



�

�

(
1
2

� � ) •' n + (
1
2

+ � ) •' n+1

�

� ( •' n+1 � •' n ) ;

=
1
2

Z



� _' 2

n+1 �
1
2

Z



� _' 2

n

+� t2
n

� 2

8

Z



�

�
•' 2

n+1 � •' 2
n

�
+ � t2

n
� 3

4

Z



( •' n+1 � •' n )2 :

The non-trapezoidalcontribution to the stressterms is:
Z



@n : r v = k� t3

Z




•� n : (r Vn+1 =2);

de�ning the secondorder accurate�nite di�erence approximations of the
stressacceleration•� n , and of the velocity Vn+1 =2 by

•� n =
1

� t2
(� n� 1 � 2� n + � n+1 ) ;

Vn+1 =2 =
1

� t
(' n+1 � ' n ):

Concerningcorrectionson the force term, we have

Z



fn � v = k� t3

Z




@2f
@t2

(tn ) � Vn+1 =2 + o(� t3):

As a consequence,up to higherordersin � t concerningonly the variations
of f , we obtain:

E�
n+1 � E�

n = P n � D �
n � t2

n + cn � t3
n ;

with:

D �
n =

� 3

4

Z



( •' n+1 � •' n )2

+ k� t
Z




•� n : (r Vn+1 =2) + k� t
Z




@2f
@t2

(tn ) � Vn+1 =2:

(2) Angular and linear momen ta evolutions. Assuming that � D = ; ,
we usev = � t Ja � ' n + ' n +1

2 in (30). The non-trapezoidalcontribution of
stressesis:

� t
Z



@n �

� Fn + Fn+1

2

� t

: Ja = k� t3
Z




•� n �
� Fn + Fn+1

2

� t

: Ja
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which is clearly third order in � t, with a similar expressionfor the terms
in fn . The caseof linear momentum is similar using constant �elds of
displacements v in (30).

2

Remark 7 To recover the stability properties in the linear case,wecan apply
the aboveresult by assumingthat Ŵ is quadratic as a function of F , and that
the incompressibility constraint is linear. Then:

Z



� n : r v =

Z




@Ŵ
@F

: r v � pdiv v; 8v 2 U0; �p = div ':

In this case,we havecn = 0 becausethe trapezoidalrule is energy-conserving,
and assumehere that f = 0. Since:

Fn+1 � Fn =
1
2

(Fn+1 � Fn ) +
1
2

(Fn � Fn� 1)

+
1
2

(Fn+1 � Fn ) �
1
2

(Fn � Fn� 1) ;

� t2 •� n = (� n+1 � � n ) � (� n � � n� 1) (32)

we haveafter integration over 
 :

� t3 •� n : r Vn+1 =2 = � t2 •� n : (Fn+1 � Fn )

= Ŵ (Fn+1 � Fn ) � Ŵ (Fn � Fn� 1)

+
�
2

(pn+1 � pn )2 �
�
2

(pn � pn� 1)2

+ Ŵ (Fn+1 � 2Fn + Fn� 1)

+
�
2

(pn+1 � 2pn + pn� 1)
2 :

Then, the following modi�e d quadratic energy:

EH H T
n =

1
2

Z



� _' 2

n +
Z



Ŵ(Fn ) +

�
2

Z



p2

n

+
� 2� t2

8

Z



� •' 2

n+1 + k� t2Ŵ
�

_Fn� 1=2

�
+

k�
2

� t2( _pn� 1=2)2;

decreaseswith time. More precisely, we have:

EH H T
n+1 � EH H T

n = �
� 3� t2

4

Z



( •' n+1 � •' n )2

� k� t4
Z



Ŵ

�
•Fn

�
�

k�
2

� t4 ( •pn )2 � 0;
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with obviousnotation for _Fn� 1=2 = (Fn � Fn� 1)=� t , _pn� 1=2 = (pn � pn� 1)=� t,
•Fn and •pn . Therefore, for linear elastodynamics,there existsa quadratic form
EH H T

n diminishing along the HHT discrete evolution. This con�rms the fact
that the spectral radius of the time integrator is less than one. Nevertheless,
this quadratic form does not coincide with the usual mechanical energy. It
intr oduces acceleration terms in the energy and high order terms in time in
the dissipation, which are larger for larger frequencies.

Remark 8 � Groupsof symmetry are not well preserved by the discrete dy-
namics as momenta are not conserved. This remark con�rms the work of
Armero and Romero in [22]; they prove the non-existence of relative equi-
libria for the HHT discretedynamicsin the caseof a nonlinear spring-mass
system.

� In a nonlinear framework, we can no longer control the sign of D �
n , and

therefore this term cannot be interpreted as a dissipation term.

4.2 A new dissipative schemein the nonlinear framework

The previous analysis leadsus to proposea modi�ed dissipative scheme by
usinga secondorder non-trapezoidalNewmark time integration of the inertial
term, while keepingGonzalezenergyconservingformulation for the algorith-
mic Piola-Kirchho� stresstensor at midtime. More precisely, we proposethe
following integration scheme:

8
>>>>>><

>>>>>>:

Z



� [(1 � 
 ) •' n + 
 •' n+1 ] � v +

Z



� n+1 =2 : r v =

Z




f n + f n+1

2
� v +

Z

� N

gn + gn+1

2
� v; 8v 2 U0;

Z



q (det r ' n+1 � 1 � �pn+1 ) = 0; 8q 2 P;

(33)

where � n+1 =2 is the �rst Piola-Kirchho� algorithmic stresstensor proposed
in (23) and (25), and where the acceleration terms are obtained from the
Newmark's relations:

8
><

>:

' n+1 = ' n + � tn _' n + � t2
n

�� 1
2

� �
�

•' n + � •' n+1

�

;

_' n+1 = _' n + � tn [(1 � 
 ) •' n + 
 •' n+1 ] :
(34)

Secondorder accuracyis ensuredby taking 
 = 1
2 + � with � = � � tn > 0, and

in the framework of the proposedconservation analysis,wetake� = (1+ � )2=4,
as in the original HHT scheme,yielding :

' n+1 � ' n

� tn
=

_' n+1 + _' n

2
+ � tn

� 2

4
( •' n+1 � •' n):
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Then, we obtain the following result:

Prop osition 6 The scheme(33),(34) achievesthe followingconservationprop-
erties:

(1) Discrete energy.

E�
n+1 � E�

n = P n �
� 3� t2

n

4

Z



( •' n+1 � •' n )2 � P n ; (35)

with the modi�e d energy:

E�
n =

� 2� t2
n

8

Z



� •' 2

n +
1
2

Z



� _' 2

n +
Z



Ŵ (r ' n):

(2) Discrete angular and linear momen ta. If � D = ; , we have:

J n+1 � J n = M n ; I n+1 � I n = Fn : (36)

Pro of : The proof of energy dissipation readily comesfrom the previous
analysisof the HHT scheme,using (33) with v = ' n+1 � ' n . The dissipation
comesas above from the inertia product:

Z



�

_' n+1 � _' n

� t
� (' n+1 � ' n )

=
Z



� ( _' n+1 � _' n ) �

_' n + _' n+1

2

+� t2
n

� 2

4

Z



�

�

(
1
2

� � ) •' n + (
1
2

+ � ) •' n+1

�

� ( •' n+1 � •' n ) ;

=
1
2

Z



� _' 2

n+1 �
1
2

Z



� _' 2

n

+� t2
n

� 2

8

Z



�

�
•' 2

n+1 � •' 2
n

�
+ � t2

n
� 3

4

Z



( •' n+1 � •' n )2 :

The exact conservation of momenta comesfrom the choice of a \conserva-
tive" Piola-Kirchho� stresstensor � n+1 =2, and the fact that the algorithmic
accelerationsatis�es:

[(1 � 
 ) •' n + 
 •' n+1 ] =
_' n+1 � _' n

� tn
;

from Newmark's relations (34). 2

Concerningthe practical implementation of the present scheme,we propose
to compute �rst the displacements ' n+1 by solving (33) after elimination of
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•' n+1 from the �rst equation of (34), that is:

Z



�



� � t2

n
' n+1 � v +

Z



� n+1 =2 : r v =

Z



�



� � t2

n
' n � v +

Z



�



� � tn

_' n � v + �
Z



� •' n +

Z



f � v +

Z

� N

g � v; 8v 2 U0;

with:

� = 

1
2 � �

�
� 1 + 
 :

Then, the accelerationsand velocities at time tn+1 are computed from (34):

•' n+1 =
' n+1 � ' n

� � t2
n

�
_' n

� � tn
�

1
2 � �

�
•' n ;

_' n+1 = _' n + � tn [(1 � 
 ) •' n + 
 •' n+1 ] :

A practical issuedealswith accelerationinitialization. To do so, we propose
to compute two time stepswith a midpoint, a trapezoidal or a conservative
scheme with given initial displacements ' 0 and velocities _' 0, and build the
following initial data for the dissipative scheme:

8
>>>><

>>>>:

' 0
0 = ' 1;

_' 0
0 = _' 1;

•' 0
0 =

_' 2 � _' 0

2� tn
;

for the proposeddissipative scheme.

5 Extensions of the conservativ e approac h

5.1 Frictionless contact

Let 
 (1) and 
 (2) be two open sets in R3 representing the interior of the ref-
erencecon�gurations of two solids potentially in contact on the parts � (i )

C �
� (i )

N � @
 (i ) (i 2 f 1; 2g) of their boundaries.For each i 2 f 1; 2g, � (i ) will de-
note the quantit y � relative to 
 (i ) . In this presentation, � (2)

C will beconsidered
as the mastersurface.We can then introducefor all x 2 � (1)

C , its closest-point
projection on the deformedmaster surface:

y(t; x) = arg min
y2 � (2)

C

k' (1) (t; x) � ' (2) (t; y)k2:
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When � (2)
C is continuously di�erentiable, there exists a continuous scalargap

function g : [0; T] � � (1)
C ! R de�ned by

g(t; x) = �
�
' (1) (t; x) � ' (2) (t; y(t; x))

�
� � (t; y(t; x)) ;

where� (t; y) is the normal outward unit vector to ' (2) (t; � (2)
C ) at time t 2 [0; T]

and point y 2 � (2)
C . By de�nition of the closestprojection, we have :

' (1) (t; x) � ' (2) (t; y(t; x)) = � g(t; x) � (t; y(t; x)) ;

and the non-penetration condition betweenthe two solids takesthe form :

g(t; x) � 0:

With this notation, the weak form of the balanceof linear momentum reads:

2X

i =1

Z


 ( i )
� (i ) •' (i ) � v(i ) +

Z


 ( i )
� (i ) : r v(i ) =

2X

i =1

Z


 ( i )
f (i ) � v(i )

�
Z

� (1)
C

� (t; x)

 
@g

@' (1)
� v(1) +

@g
@' (2)

� v(2)

!

| {z }
G(v(1) ;v(2) )

; (37)

for all admissiblevirtual displacements v(i ) 2 U0(
 (i ) ) , i 2 f 1; 2g. The cor-
responding Kuhn-Tucker conditions characterizing the normal reaction force
� (t; x) are :

8
>><

>>:

� (t; x) � 0;

g(t; x) � 0;

� (t; x)g(t; x) = 0;

(38)

for almost all (t; x) 2 [0; T] � 
 (see[35]). In addtion, for energyconservation
purpose,the following persistencycondition (see[36]) must alsobe imposed:

� (t; x) _g(' (t; x)) = 0: (39)

The condition (39) meansthat normal contact reactionscan only appear dur-
ing persistent contact on the rigid surface.By construction, the frictionless
contact reaction is then normal to � (1)

C [35], that is :

G(v(1) ; v(2) ) = �
Z

� (1)
C

� (t; x)� (t; y(t; x)) �
h
v(1) (x) � v(2) (y(t; x))

i
:

5.1.1 Conservationproperties in the continuous framework

The two-body systemstill respects the usual energyand momenta conserva-
tion propertiesin the absenceof external forces[5]. The key-point is to observe
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that the work of normal contact reactionsat time t vanishes:

G( _' (1) (t); _' (2) (t)) = �
Z

� C

� (t; x)� (t; y(t; x)) �
�

_' (1) (t; x) � _' (2) (t; y(t; x))
�

=
Z

� C

� (t; x)

 
@g

@' (1)
� _' (1) (t; x) +

@g
@' (2)

� _' (2) (t; x)

!

=
Z

� C

� (t; x) _g(t; x)

= 0:

When the conditions (38) are enforcedby a penalty technique, the Lagrange
multiplier � is de�ned as:

� =
1
�

g+ ; [0; T] � 
 ;

with g+ = g if g � 0 and g+ = 0 otherwise.Then, the persistencycondition
(39) is no more necessaryand the work of contact forcestakesthe form :

Z

� C

� (t; x) _g(t; x) =
d
dt

 
1
2�

Z

� C

�
g+

� 2
!

;

resulting in the absenceof external forces,in the conservation of a penalized
total energyof the two-body system:

E(t) =
1
2�

Z

� C

�
g+ (t)

� 2
+

2X

i =1

E(i )(t):

5.1.2 A conservingtime integration approach for frictionless contact

To reproducein the discreteframework the previousconservation properties,
we adapt the energycorrection approach of [2] already employed in the previ-
ous sectionand proposethe following midtime approximations of the normal
contact force Gn+1 =2, normal vector �̂ n+1 =2 and reaction intensity � n+1 =2 :
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Gn+1 =2(v(1) ; v(2) ) =
Z

� (1)
C

� n+1 =2�̂ n+1 =2 �
h
v(1) (x) � v(2) (yn+1 =2(x))

i
; (40)

�̂ n+1 =2 = � � n+1 =2 +
h
gn+1 � gn + � n+1 =2 � � ' n

i � ' n

� ' n � � ' n
; (41)

� n+1 =2 = � n+1 =2 +

"
� n+1 gn+1 � � n gn

2
� � n+1 =2� gn

#
� gn

(� gn )2
;

=
� n+1 gn+1 � � n gn

2� gn

=
1
2

 
� n+1 + � n

2
+

gn+1 + gn

2�

 
g+

n+1 � g+
n

gn+1 � gn

! !

: (42)

Here yn+ p(x) is the projection of ' (1)
n+ p(x) over ' (2)

n+ p(� C ) with the notation
p = n; n + 1=2 or n + 1 and :

' (i )
n+1 =2 =

1
2

�
' (i )

n + ' (i )
n+1

�
:

Moreover, � n+ p(x) is the normal outward unit vector to ' (2)
n+ p(� (2)

C ) at point
yn+ p(x) 2 � (2)

C , and:

8
>>>>>><

>>>>>>:

gn (x) = �
�
' (1)

n (x) � ' (2)
n (yn (x))

�
� � n (x);

� ' n (x) =
h
' (1)

n+1 (x) � ' (2)
n+1 (yn+1 =2(x))

i
�

h
' (1)

n (x) � ' (2)
n (yn+1 =2(x))

i
;

� gn (x) = gn+1 (x) � gn (x);

� n+ p(x) = g+
n+ p(x)=� :

Observe that since� n+1 =2 � � ' n = � @g
@' (' n+1 =2) � (' n+1 � ' n) and � n+1 =2� gn =

@�g =2
@g (gn+1 =2)� gn , the above correctionsin �̂ n+1 =2 and � n+1 =2 are again second

order in � ' and � g. Also observe that the proposedreaction force is simply
the reaction average� n+1 =2 = � n +1 + � n

2 when the body is in contact at both
times n and n + 1, but is di�erent from this averageat the beginning and at
the end of the impact. Moreover

Prop osition 7 The frictionless contact forces de�ned by (40) are conserva-
tive with respect to energy and linear momentumin the sensethat:

Gn+1 =2(' (1)
n+1 � ' (1)

n ; ' (2)
n+1 � ' (2)

n ) =
1
2

Z

� (1)
C

� n+1 gn+1 � � ngn

=
1
2�

Z

� C

�
g+

n+1

� 2
�

�
g+

n

� 2
(43)

Gn+1 =2(a;a) = 0; 8a 2 R3: (44)
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Pro of : The zero resultant force is readily obtained from (40). Concerning
energy, we have by construction:

Gn+1 =2(' (1)
n+1 � ' (1)

n ; ' (2)
n+1 � ' (2)

n ) =
Z

� (1)
C

� n+1 =2 �̂ n+1 =2 � � ' n

=
Z

� (1)
C

� n+1 =2 � gn

=
1
2

Z

� (1)
C

� n+1 gn+1 � � ngn ;

hencethe proof. 2

Remark 9 In the above formulation, the angular momentum is not exactly
conserved:

� t Gn+1 =2(a � ' (1)
n+ =2; a � ' (2)

n+ =2)

= a � � t
Z

� C

� n+1 =2 �̂ n+1 =2 � (' (1)
n+1 =2 � ' (2)

n+1 =2)

= a � � t
Z

� C

� n+1 =2 gn+1 =2 �̂ n+1 =2 � � n+1 =2

= a � � t
Z

� C

� n+1 =2 gn+1 =2 �̂ n+1 =2 � (� n+1 =2 � �̂ n+1 =2)

= O(� � t3):

A small error is therefore intr oduced by the schemedue to the unexactcolin-
earity of � n+1 =2 and �̂ n+1 =2.

Remark 10 When dealing with an exact non-penetration condition (rather
than penalized), the followingdiscretepersistencycondition shouldbe enforced:

� n+1 =2
gn+1 � gn

� tn
= 0:

Remark 11 A more naive energy conservingformulation is given by:

Gn+1 =2(v(1) ; v(2) ) =
Z

� (1)
C

Nn+1 =2 �
h
v(1) (x) � v(2) (yn+1 =2(x))

i
; (45)

in which:

Nn+1 =2 = � n+1 =2� n+1 =2 �

"
� n+1 gn+1 � � ngn

2
� � n+1 =2� n+1 =2 � � ' n

#
� ' n

� ' n � � ' n
;

with the above notation. But this choice does not properly preservethe ori-
entation of the reaction force as shown in the case of unilateral frictionless
contact against a plane wall.
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5.1.3 Unilateral frictionless contact against a plane wall

We analyzeherethe caseof unilateral frictionlesscontact againsta planewall.
Then, we assumethat the in�nite half space
 (2) = R2 � R+ is �xed and per-
fectly rigid, and that the deformablebody 
 (1) is submitted to a unilateral
frictionless contact against the boundary � (2)

C = R2 � f 0g of 
 (2) . This as-
sumption imposesthat the displacement �elds ' (2) = id and its variations
v(2) vanish. Moreover, the outward normal unit vector � is constant over � (2)

C .
Then, by using the above de�nitions, we get:

8
>><

>>:

yn (x) = ' n (x) � (' n (x) � � )� ;

gn (x) = � ' (1)
n (x) � � ;

� ' n (x) = ' (1)
n+1 (x) � ' (1)

n (x)

and deducethat �̂ n+1 =2(x) = � � , so that:

Gn+1 =2(v(1) ; 0) = �
Z

� (1)
C

� n+1 =2 � � v(1) ; 8v(1) 2 U0(
 (1) )

with � n+1 =2 asde�ned in (42). Observe herethat the contact forceis normal to
the wall as expected,but it would not be the casefor the apparently simpler
formulation (45). Indeed, the latter inducesa non-physical variation of the
contact force direction to achieve energyconservation, while (40) only plays
on the intensity of the contact force. Moreover, the choice (40) turns out to
be numerically more e�cien t with a nonlinear solution easierto catch.

5.2 Viscoelasticity

The multibranch viscoelastic incompressiblemodel presented in [37,7] intro-
ducesin addition to the displacements and hydrostatic pressures�elds ' ,p of
the hyperelasticframework, volume-preservingsymmetric positive secondor-
der tensorsA of internal variables,which formally represent the inverseof the
right Cauchy-Greenstrain tensor insideeach viscousbranch. The hyperelastic
stored energyfunction W(C) becomes ~W(C; A) with typically, in the caseof
a singleviscousbranch:

~W(C; A) = W(C) + We(A1=2 � C � A1=2):

HereWe is the storedelasticenergyin the viscousbranch of the material. The
time evolution of the internal variable A is governedby an energydissipating
time evolution equation such as

8
><

>:

� @t (A(t) � 1) =
@~W
@A

� q(t) cof A(t);

det A(t) � 1 � � vq(t) = 0:
(46)
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Prop osition 8 [37,31]The viscoelasticvariational problem(4),(46) conserves
linear and angular momenta,and the time evolution of its energy is given by:

E(t) � E(0) =
Z t

0

� Z



f (s) � _' (s) +

Z

� N

g(s) � _' (s) �
Z



� D(s) : D(s)

�

ds;

where the viscousdeformation rate tensor and the total energy are respectively
given by:

D(t) = A(t) � 1=2 � _A(t) � A(t) � 1=2;

E(t) =
Z



� _' (t)2 +

Z




~W(C(t); A(t)) +
�
2

Z



p(t)2 +

� v

2

Z



q(t)2:

We can then extend the energy-conservingschemeto this situation, and pro-
posea time integration procedurefor the viscoelastic problem (4),(46) as fol-
lows:
8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Z



�

_' n+1 � _' n

� tn
� '̂ +

Z



�

 � An + An+1

2

� � 1

�
An+1 � An

� tn
�

� An + An+1

2

� � 1!

: Â

+ Tn+1 =2('̂; Â) =
Z




f n + f n+1

2
� '̂ +

Z

� N

gn + gn+1

2
� '̂; 8('̂; Â) 2 U0 � A ;

' n+1 � ' n

� tn
=

_' n + _' n+1

2
trapezoidalrule on acceleration

Z



(det r ' n+1 � 1 + �pn+1 )p̂ = 0; 8p̂ 2 P;

Z



(det An+1 � 1 � � vqn+1 )q̂ = 0; 8q̂ 2 Q;

(47)
where the stressterm Tn+1 =2('̂; Â) is given for all ('̂; Â) 2 U0 � A by the
energy-conservingexpressiondetailedin �gure 1. Wehaveadoptedthe obvious

notation � n+1 =2 =
� n + � n+1

2
and � � n = � n+1 � � n . The expressionof

Tn+1 =2('̂; Â) given by (48) is in fact a secondorder accurateapproximation in
time of Z



2F �

@W
@C

(C; A) : r '̂ +
Z




@W
@A

(C; A) : Â;

at time tn+1 =2, and thereforethe time integration scheme(47) is secondorder
accurate.In the de�nition (48) of Tn+1 =2('̂; Â), the four last lines correspond
to energycorrection terms enabling energyconservation in the way proposed
by O. Gonzalez[2].

Prop osition 9 The discrete solution given by (47) conserveslinear and an-
gular momentaand the discrete time evolution of its energy is given by:

En+1 � En =
Z




f n + f n+1

2
�

_' n + _' n+1

2

+
Z

� N

gn + gn+1

2
�

_' n + _' n+1

2
�

Z



� Dn+1 =2 : Dn+1 =2;
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Tn+1 =2('̂; Â) =

Z



2 Fn+1 =2 �

@~W
@C

(Cn+1 =2; An+1 =2) : r '̂ +
@~W
@A

(Cn+1 =2; An+1 =2) : Â

� 2 pn+1 =2 Fn+1 =2 �
@detC1=2

@C
(Cn+1 =2) : r '̂ + qn+1 =2 cof An+1 =2 : Â

+

"

~W(Cn+1 ; An+1 ) � ~W(Cn ; An )

#
2(� Cn : F t

n+1 =2 � r '̂ ) + (� An : Â)

(� Cn : � Cn ) + (� An : � An )

�

"
@~W
@C

(Cn+1 =2; An+1 =2) : � Cn +
@~W
@A

(Cn+1 =2; An+1 =2) : � An

#

�

�
2(� Cn : F t

n+1 =2 � r '̂ ) + (� An : Â)

(� Cn : � Cn) + (� An : � An )

� 2 pn+1 =2

"

detC1=2
n+1 � detC1=2

n �
@detC1=2

@C
(Cn+1 =2) : � Cn

#
� Cn : F t

n+1 =2 � r '̂

� Cn : � Cn

+ qn+1 =2

"

detAn+1 � detAn � cof An+1 =2 : � An

#
� An : Â

� An : � An
: (48)

Fig. 1. Expressionof Tn+1 =2( ^'; Â) achieving an exact discrete balancein (47).

with the discrete deformation rate tensor and the discrete total energy given
by

Dn+1 =2 =
� An + An+1

2

� � 1=2

�
An+1 � An

� tn
�

� An + An+1

2

� � 1=2

;

En =
1
2

Z



� _' 2

n +
Z




~W(Cn ; An ) +
�
2

Z



p2

n +
� v

2

Z



q2

n :

Pro of : Energy conservation is obtained by taking '̂ =
' n+1 � ' n

� tn
and Â =

An+1 � An

� tn
in (47). By construction of Tn+1 =2, we get:

Tn+1 =2

� ' n+1 � ' n

� tn
;
An+1 � An

� tn

�

=
1

� tn

Z




~W(Cn+1 ; An+1 ) � ~W(Cn ; An )

�
1

� tn

Z



pn+1 =2

�
detC1=2

n+1 � detC1=2
n

�
+

1
� tn

Z



qn+1 =2 (det An+1 � detAn ) ;

which, pluggedin (47) and usedwith the quasi-incompressibility constraints
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yields
Z



�

_' n+1 � _' n

� tn
�

' n+1 � ' n

� tn
+

Z



� Dn+1 =2 : Dn+1 =2

+
1

� tn

Z




~W(Cn+1 ; An+1 )� ~W(Cn ; An )+
�

2� tn

Z



(p2

n+1 � p2
n )+

� v

2� tn

Z



(q2

n+1 � q2
n )

=
Z




f n + f n+1

2
�

' n+1 � ' n

� tn
+

Z

� N

gn + gn+1

2
�

' n+1 � ' n

� tn
;

with:

Dn+1 =2 =
� An + An+1

2

� � 1=2

�
An+1 � An

� tn
�

� An + An+1

2

� � 1=2

:

We have usedherein the fact that tr (A � B) = tr (B � A) implying with B =
� An + An+1

2

� � 1=2

that:

Dn+1 =2 : Dn+1 =2 = tr

" � An + An+1

2

� � 1

�
An+1 � An

� tn
�

� An + An+1

2

� � 1

�
An+1 � An

� tn

#

:

The discreteenergyconservation result is then straightforward by usingNew-
mark's trapezoidalrule: ' n +1 � ' n

� tn
= _' n + _' n +1

2 . 2

6 Numerical validation

6.1 Cantilever beam

Let us considerhere the time evolution of a homogeneouscompressiblecan-
tilever beam oscillating under the action of a vertical load F applied at its
end, and with constitutive law:

W(C) = a tr C + btr cof C + cdetC � d logdetC + e:

The constitutive data aredetailed in (�gure 2) togetherwith the static equilib-
rium con�guration of the beam.The time discretisationusestwenty time step
per \p eriod" (� t = 0.05s), and a special attention is paid to the evolution of
the following discreteenergy:

H n := En �
Z

tip
F � ' n =

1
2

Z



� _' 2

n +
Z



W(Cn ) �

Z

tip
F � ' n :

As expected, and in agreement with previous observations (seefor instance
[3,22,23]),midpoint and trapezoidalstrategiesencounter a severeenergyblow
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� width = 1m,
� densit y � = 1200 kg/m3,
� c1 = 0.2 MP a,
� c2 = 2 kP a,
� c3 = 0.4 MP a,
� d = c1 + 2c2 + c3 ,
� e = � 3a � 3b � c,
� F = 24 kN.

Fig. 2. Static equilibrium of the beam under loading and constitutiv e data.

up (�gure 3). Observe that such a lack of control occurs in spite of the sym-
plecticity of the midpoint strategy as reported in [13]. HHT scheme is less
predictable, becauseits stabilit y depends on the value of the regularization
coe�cien t � , on the sti�ness of the model and the time step, accretive or
dissipative behaviors can be observed indi�eren tly. The fact that a correct
behavior is obtained here around the value � = 0:05 which is recommended
in [1,34,9]corresponds to a pure coincidencein the choice of the parameters
of the model. At the opposite, energy blow up is observed for � = 0:005.
The critical value of � beyond which the HHT schemesbecomesdissipative
is really case-dependent, and there is in fact no evidencethat onecan always
obtain a dissipative HHT schemefor su�cien tly large valuesof � .

On the ogher hand, Gonzalezenergy-conservingscheme [2] achieves here a
perfect control of stabilit y (see�gure 3). Nevertheless,as observed on the tip
of the beam,velocities presents high frequencycomponents. Weshow on �gure
3 that the dissipation strategy proposedin this paper to damp out energyat
highest frequenciesprovides a clear regularization of the velocities (�gure 4),
as well as on energy evolution (�gure 3). The fundamental di�erence with
a standard HHT scheme is here a perfect conservation of momenta, and an
inconditional dissipative behavior for � > 0.

6.2 Ball impact at low velocity

Let us considernow a hollow ball with a small cylindrical hole as shown on
�gure 6, made of a compressiblematerial, with physical data given in �gure
5. Four snapshotsof the impact simulation againsta plane wall are shown on
�gure 7, and as illustrated on �gure 8, the evolution of the discreteenergyin
the ball is very sensitive to the time integration strategy.
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Fig. 3. Evolution of the discrete energy H n for the di�eren t schemes(for reader's
convenience,the schemesare listed in the order of decreasingenergies).
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Fig. 4. Time evolution of the velocity at the end of the beam for the di�eren t
schemes.

In particular, the discreteenergyexplodeswhenusinga midpoint scheme(or a
trapezoidalscheme),and the deformation of the ball just beforeenergyexplo-
sion is shown on �gure 9. In particular, non-physical irregular displacements
can be noticed around the hole. The conservative Gonzalezschemeenriched
with our energyconservingimpact formulation keepsits promise.The relative
lossof energythrough the impact is 1.8E-4, and only dependson the required
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radius 0.1 m

density 1200kg/ m3

Young'smodulus 0.2 M Pa

Poisson'sratio 0.33

initial velocity 0.4 m/s

� 1.E-4

time step 0.002s

T 1.0 s

# nodesin the mesh 11.160

Fig. 5. Data for ball impact, made of a Saint-Venant Kirchho� material.

Fig. 6. Mesh of the ball.

accuracyin Newton's algorithm. The interest of our energydissipative formu-
lation is alsocon�rmed, showing herethe control of the mechanical energyin
the ball. To complete this discussion,let us mention that when considering
practical industrial useof time integration schemesfor non-smooth dynamics,
�rst order implicit schemesaresometimespreferredfor their robustness,espe-
cially in coupledsystems[38,39].In order to compareenergyevolution when
using such a �rst order strategy, we introduce the following time integration
approach obtained by a trapezoidal integration of the inertial term, and an
implicit Euler strategy for the stresspart:

8
>>>><

>>>>:

Z



�

_' n+1 � _' n

� tn
� v +

Z




@Ŵ
@F

(r ' n+1 ) : r v =
Z




f n + f n+1

2
� v; 8v 2 U0;

' n+1 � ' n

� tn
=

_' n � _' n+1

2
;

(49)
written here in the compressibleframework. The kinematical constraint will
be naturally satis�ed by the displacements �eld ' n+1 at time tn+1 . It is a
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Fig. 7. Snapshotsof the impact simulation.

Euler-like degraded�rst order version of the trapezoidal secondorder time
integration scheme. It can be readily checked with the analysisof section 4,
that the Euler-Newmarkscheme(49) is energydissipatingwhenever the stored
energyŴ (F ) is locally convex.The ball impact simulation performedwith this
schemeproves to achieve global energy dissipation, with a 9 % relative loss
of energythrough the impact. To illustrate the better accuracyof our second
order energyconserving/dissipatingschemes,the �gure 10showsthe evolution
of elastic energyafter impact.

Finally, we use the present example to illustrate the well-known sensitivity
of contact pressuresto the penalization coe�cien t � . Indeed, it is shown on
�gure 11that when� is divided by 10,oscillationson the contact forceappear.
The phenomenonis even much more visible in the simpler caseof a cube
impact, described on �gure (12). Such a phenomenonis discussedin [5] and in
associated references,and is dueto a lack of strongconvergenceof the solution
when the penalty term goesto zero.

6.3 Low-velocity impact of an incompressibleviscoelastic body

In many engineeringapplications,viscoelasticity is often a perturbation of the
underlying hyperelasticmodel. Wecanthen usevery simplelawsin the viscous
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Fig. 8. Evolution of the ball mechanical energy through impact for midpoint, Eu-
ler-Newmark, energyconserving,and dissipating (� = 0:5) schemes.

Fig. 9. Snapshotsat times t = 0.2 and 0.21 s, illustrating the deformation of the
ball beforeenergyexplosionwhen using a midpoint time integration scheme.

branch. We chooseherein a stored elastic energyin the viscousbranch which
only dependson the �rst invariant of the elastic tensor Ce = A1=2 � C � A1=2 in
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the branch:

We(Ce) =
G
2

(tr Ce � 3)2 =
G
2

(tr (C � A) � 3)2 :
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The stresscorrection of section5.2 reducesthen to:

Tn+1 =2('̂ ; Â) =
Z



2Fn+1 =2 �

�
� n+1 =2 + Sn+1 =2 An+1 =2

�
: r '̂

+
Z



Sn+1 =2 Cn+1 =2 : Â;

with

Sn+1 =2 = G
�

tr
� Cn � An + Cn+1 � An+1

2

�

� 3
�

;

and � n+1 =2 the \conservative" Gonzalezalgorithmic Piola-Kirchho� second
stresstensor. A straightforward computation then gives:

Tn+1 =2(' n+1 � ' n ; An+1 � An ) = ~W(Cn+1 ; An+1 ) � ~W(Cn ; An );

with:
~W(Cn ; An ) = Ŵ(r ' n) +

G
2

(tr (Cn � An ) � 3)2 :

At each time step tn , An is taken piecewiseconstant on each element of the
mesh. For simplicity, we solve the coupled problem (47) at time tn+1 in an
iterativ e uncoupledway by a �xed point algorithm :

(1) initialize A (0)
n+1 = An , k = 0,

(2) solve the hyperelastic part in (47) -i.e with Â = 0- imposing the value
A(k)

n+1 , to get ' (k)
n+1 ,

(3) solve the evolution of the internal variable in (47) -i.e with '̂ = 0- im-
posingthe value C(k)

n+1 , to get A (k+1)
n+1 ,

(4) go to step 2 with k  k + 1, until convergenceof A (k)
n+1 .

In step 3, the problem to solve is local on each �nite element and writes

�
A � 1

n+1 � A � 1
n

� tn
= Sn+1 =2

D
Cn+1 =2

E
+ �

"

@t

�
A � 1

�

n+1 =2
+

A � 1
n+1 � A � 1

n

� tn

#

(50)

=: F n (An+1 );

where
D
Cn+1 =2

E
is the averageof Cn+1 =2 over K , and

@t

�
A � 1

�

n+1 =2
= A � 1

n+1 =2 �
An+1 � An

� tn
� A � 1

n+1 =2:

The equation (50) is then solved by the following �xed point strategy:

An+1 =
�

A � 1
n +

� tn

�
F n(An+1 )

� � 1

;

that provesto be rather e�cien t.
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A �rst illustration on the model problem of section6.1 indicatesthat the pres-
enceof a realistic dissipative viscoelastic branch (with G = 0:2c1 = 40 kPa)
does not prevent the energy from blowing when using the midpoint rule for
both the hyperelastic and viscoelastic branches (�gure 13). When using the
proposedconservative schemewith trapezoidalintegration of accelerations,it
is shown on the other hand that energydissipationis in fact much greaterthan
the energydissipatedby the regularization of section4.2. (compare�gures 3
and 14). But in fact, assoon asthe hyperelasticbranch is integrated by a con-
servative scheme,using either a midpoint or a conservative integration of the
viscoelasticbranch yields the sameresults in terms of energydissipation,with
neverthelessa di�erence in the valuesobtained for the viscoelastic variable A
(�gure 15). In practice, we have also observed that the use of the proposed
conservative integration for the viscoelastic branch entails no computational
overcost,and garanteesan exact energybalanceat convergence.
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Fig. 13. Evolution of discrete total energy for the viscoelastic beam when the in-
tegration of both hyperelastic and viscoelastic branchesusea midpoint schemefor
di�eren t valuesof � = 20000,80000.
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Fig. 14. Evolution of discrete total energy for the viscoelastic beam when the in-
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our conservative approach.

Next, we study the impact of a viscoelastic ball (�gure 17) made of an in-
compressiblematerial, with data given on �gure 16. For this problem, the use

38



time (s)

tr
(A

)

0 10 205 15

2.98

2.99

3

2.975

2.985

2.995

3.005
nu = 20000

Fig. 15. Evolution of tr A for an element in the middle of the beam when the inte-
gration of the hyperelastic branch usesa conservative scheme,and the viscoelastic
branch either the midpoint rule or our conservative approach.

of robust energy-conservingalgorithm makes it possibleto use reasonnably
large time stepsto integrate contact while ensuringa perfect conservation of
the main invariants. Here, in spite of this large time step, the midpoint rule
remainsstable for the elastic case(at the di�erence of what happenedin the
previoussection) (�gure 19) although the slope in the energycurve after con-
tact seemsto indicate a long-term instabilit y. Adding a viscoelasticbehaviour
(� = 200, G = 50 kPa) doesnot add dissipation in the energycurve for the
midpoint rule, the energygrowth being in fact worsethan for the hyperelas-
tic case(�gure 19). In contrast, our conservative scheme involving a proper
formulation of contact and viscoelasticity givesaccurateconsistent results on
the energy.

� = 1500kg/m3
Mooney-Rivlin material:
c1 = 0.2 MPa
c2 = 2000Pa
� � 1 = 2.E8
� � 1 = 1.E18
Velocity = 7 m/s
3.040hexaedramesh

Fig. 16. Section of the ball and main characteristics

7 Conclusion

In this paper, we have proposeda detailed analysis of the non-conservative
properties of midpoint, trapezoidaland HHT time integration schemesin in-
compressiblenonlinearelasticity, and comparedthem to the theoreticalperfor-
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Fig. 17. Snapshotsof the ball during and after impact.
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mancesof an energyconservingscheme.Moreover, we have usedthe analysis

40



done for the HHT method to propose a new energy-dissipative momenta-
conservingdiscrete integrator in the nonlinear framework, involving a regu-
larized energytaking acceleratione�ects into account. Finally, by generalizing
a Gonzalezenergy correction method [2], we have proposeda conservative
strategy for penalizedfrictionless impact problemsenforcingthe usual Kuhn-
Tucker conditions at entire time steps.An extensionto viscoelasticity is also
proposed,and the analysis of these techniques is illustrated with numerical
simulations.

Energy conservation is even more crucial when consideringthe dynamics of
coupledproblems,such asaeroelasticity [42]or magneto-hydro-dynamics[39].
We believe that the conservative philosophy developed in this paper can be
successfullyextended to complex coupled problems. In particular, we have
shown in [43,44]that the energy-conservingapproach presented herein could
be extendedto a 
uid-structure interaction framework.
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